Abstract. We examine and partially confirm some questions on properties of the the Alexander and HOMFLY polynomial of achiral knots. In particular we show that determinants of achiral knots are exactly the odd numbers representable as sums of two squares.
Introduction
The main problem of knot theory is to distinguish knots, i.e., smooth embeddings of S 1 into R 3 or S 3 up to isotopy. A main tool for this is to find invariants of knots, i.e., maps of knot diagrams into some algebraic structure, which are invariant under Reidemeister's moves. A family of most popular such invariants are the polynomial invariants, associating to each knot an element in some one-or two-variable polynomial ring over Z.
One of the most intuitive ways to associate to a knot another one is to consider its obverse, or mirror image, obtained by reversing the orientation of the ambient space. The knot is called achiral, if it coincides (up to isotopy) with its mirror image, and chiral otherwise. When considering orientation of the knot, then we distinguish among achiral knots between +achiral and −achiral ones, dependingly on whether the deformation into the mirror image preserves or reverses the orientation of the knot.
One of the spectacular features of the Jones polynomial V [J] , when it appeared in 1984, was that it was (in general) able to distinguish between a knot and its obverse by virtue of having distinct values on both, and (hence) so were its generalizations, the HOMFLY [H] polynomial P (we use henceforth the convention of [LM] for it) and the Kauffman [Ka] polynomial F. Their year-long predecessor, the Alexander polynomial ∆ [Al] , a knot invariant with values in Z[t,t −1 ], was known to take the same value on a knot and its mirror image.
Nevertheless, contrarily to the belief of many people, ∆ can be used to detect chirality (the property of a knot to be distinct from its mirror image) by considering its value ∆(−1), at least for 11 / 18 of the possible values of ∆(−1). Up to sign, this numerical invariant can be interpreted as the order of the homology group (over Z) of the (double) branched covering of S 3 over K associated to the canonical homomorphism π 1 (S 3 \ K) → Z 2 and carries the name "determinant" because of its expression (up to sign) as the determinant of a Seifert [Ro, p. 213] or Goeritz [G] matrix.
How the Alexander polynomial detects chirality
The aim of this paper is to study determinants of achiral knots and give some properties of them related to the classical topic in number theory of representations as sums of two squares. First, in §2 we formulate the criterium for the Alexander polynomial via the determinant, and develop in further in §3 to an exact arithmetic description of determinants of achiral knots, providing the reverse direction to an observation of Hartley and Kawauchi in [HK] .
Subsequently, in §5 we point to some further, at least conjectural, properties of the Alexander and HOMFLY polynomial of at least large classes of achiral knots, which would allow to decide about chirality (the lack of an isotopy to the mirror image) in a yet different way, at least for these knot classes. These properties are closely related to previous work, mainly of Cromwell [Cr] and Murasugi-Przytycki [MP] , but apparently have not been drawn attention to explicitly before.
We will make some remarks how the conjectured properties follow for rational (and some other) knots. However, the most significant open part of the problems appears to deserve more attention than the solution for these partial cases.
If K is an alternating knot, then the HOMFLY polynomial
with a 2g ∈ Z[l 2 , l −2 ] being a non-zero Laurent polynomial in l 2 and g = g(K) the genus of K, the minimal genus of an embedded surface S ⊂ R 3 with
, that is, a 2g (and, in fact, all the other coefficients of m in P K ) is self-conjugate. The main problem can be formulated as follows.
This conjecture is true for several special cases. It appears convenient to compile them into one single statement.
2) K is a homogeneous knot of crossing number at most 16, 3) K is a rational (or 2-bridge) knot, or 4) K is an alternating knot (with an alternating diagram) not admitting a flype, or equivalently, by [MT] , with only one alternating diagram.
In particular, for any of these knots, and additionally for any (other) achiral knot K of crossing number at most 16, max cf ∆ K · (−1) max deg ∆ K is a square (of an integer), where ∆ is normalized so that ∆(t) = ∆(1/t) and ∆(1) = 1.
Recall, that a knot K is fibered, if S 3 \ K fibers over S 1 (with fiber being a minimal genus Seifert surface for K), homogeneous, if it has a diagram D containing in each connected component of the complement (in R 2 ) of the Seifert circles of D (called block in [Cr, §1] ) only crossings of the same sign, and rational (or 2-bridge), if it has an embedding with a Morse function having only four critical points (2 maxima and 2 minima).
We start first by description of two special cases of the exact property of the determinant of achiral knots we will formulate subsequently, because they occur in independent contexts and deserve mention in their own right.
There is an observation (originally likely, at least implicitly, due to Murasugi [Mu] , and applied explicitly in [St] ), using the sign of the value ∆(−1), where ∆ is normalized so that ∆(t) = ∆(1/t) and ∆(1) = 1. The information of this sign is equivalent to the residue σ mod 4, where σ denotes the signature. Whenever ∆(−1) < 0, we have σ ≡ 2 mod 4, so in particular σ = 0, and the knot cannot be achiral. This argument works e.g. for the knot 9 42 , which got famous by sharing the same V , P and F polynomial with its obverse.
Another way to deduce chirality from the determinant det(K) = ∆ K (−1) is to use the sign of the Lickorish-Millett value V e πi/3 . Attention to it was drawn in [Tr] , where it was used to calculate unknotting numbers. Using some of the ideas there, in [St3] we observed that this sign implies that if for an achiral knot 3 | ∆(−1), then already 9 | ∆(−1). Thus for example also the chirality of 7 7 can be seen already from its Alexander polynomial, as in this case ∆(−1) = 21 (although the Murasugi trick does not work here, and indeed σ = 0).
Combining both criteria, we arrive in summary to Proposition 2.1 For any achiral knot K we have ∆ K (−1) mod 36 ∈ {1, 5, 9, 13, 17, 25, 29}.
An easy verification shows that all these residues indeed occur.
In view of these opportunities to extract chirality information out of ∆, it appears appropriate to introduce a clean distinction between the terms 'detecting chirality of K', meant in the sense 'showing that K and !K are not the same knot' (which can be achieved by the above tricks) and 'distinguishing between K and !K', meant in the sense 'identifying for a given diagram, known a priori to belong to either K or !K, to belong to which one of them' (what they cannot accomplish, but what is the usually imagined situation where some of the polynomials is non-self-conjugate).
Here is a small arithmetic consequence. It is elementary, but is included because of its knot theoretical interpretation and as it is the starting point of exhibiting some more interesting phenomena described in the next section.
Corollary 2.1 Let p/q for (p, q) = 1, p odd be expressible as the continued fraction
for a palindromic sequence (a 1 , . . . , a n , a n , . . . , a 1 ) of even length (with the usual conventions Proof. Observe that |p| is the determinant of the achiral knot C(a 1 , . . . , a n , a n , . . . , a 1 ). The above proposition leaves us only with explaining why 9 ∤ p. In fact, the implication 3 | det(K) =⇒ 9 | det(K) for K achiral follows from the fact that the number of torsion coefficients divisible by 3 of the Z-module H 1 (D K ) is even. However, for a rational knot K, H 1 (D K ) is cyclic and non-trivial (D K is a lens space), so that there is only one torsion number at all. Thus H 1 (D K ) for any achiral rational knot K cannot have any 3-torsion. 2
Sums of two squares and determinants of achiral knots
According to a claim of Fermat, written about 1640 on the margins of his copy of Euclid's "Elements", proved in 1754 by Euler, and further simplified to the length of "one sentence" in [Z3], any prime of the form 4x + 1 can be written as the sum of two squares. More generally, any natural number n is the sum of two squares if and only if any prime of the form 4x + 3 occurs in the prime decomposition of n with an even power and it is the sum of the squares of two coprime numbers if and only if such primes do not occur at all in the prime decomposition of n.
The number of representations as the sum of two squares is given by the formula
which has also an interpretation in the theory of modular forms (see [HW, (16.9 .2) and theorem 278, p. 275] and [Z] ).
The aim of this section is to establish a, partwise conjectural, correspondence between such numbers and the determinant of achiral links. This was first initiated in [HK] , where it was observed that a result of Goeritz [G] implies that the determinant of an achiral knot is the sum of two squares.
Conjecture 3.1 An odd (resp. even) natural number n occurs as determinant of an achiral knot (resp. link) if and only if n is the sum of two squares.
We will in the following restrict our attention to knots and odd n and prove one special case of our conjecture 3.1.
Theorem 3.1
If n is the sum of two squares a 2 + b 2 , then n is the determinant of an achiral knot K. In fact, if a and b can be chosen to be both non-zero, then K can be chosen to be alternating and arborescent, and if one can choose a and b to be coprime, then even rational (or 2-bridge).
Corollary 3.1 Determinants of achiral knots are exactly the odd numbers representable as sums of two squares.
For the reverse direction, we have also a complete statement for rational knots. (An analogue for arborescent knots seems possible by applying the classification result of Bonahon and Siebenmann [BS] .) Theorem 3.2 An odd natural number n is the determinant of an achiral rational knot if and only if it is the sum of the squares of two coprime numbers.
The coprimality condition is clearly restrictive -for example 49 and 121 are not sums of the squares of two coprime numbers. Moreover, it also implies the congruence modulo 12 proved in the last section.
Note also, that for the general case we have given another argument from that of Hartley and Kawauchi for the reverse implication "modulo 36": it was observed above how the signature and the Lickorish-Millett value of the Jones polynomial imply that if n is the determinant of an achiral knot, then n mod 36 ∈ {1, 5, 9, 13, 17, 25, 29}. These are exactly the congruences which odd sums of two squares leave modulo 36. Clearly, not every number satisfying these congruences is the sum of two squares. The simplest example is 77. And indeed, this number did not occur as determinant of any achiral knot of ≤ 16 crossings.
Fermat's theorem can be now knot-theoretically reformulated for example as Corollary 3.2 If n = 4x + 1 is a prime, then there is a rational achiral knot with determinant n.
Proof. We have n = a 2 + b 2 and as n is prime, a and b must be coprime. 2
We start by a proof of theorem 3.2.
Proof. A rational achiral knot C(a 1 , . . . , a n , a n , . . . , a 1 ) is of the form
where T = C(a 1 , . . . , a n ) is a rational tangle. Because of connectivity reasons T must be of homotopy type or , i.e., if Kr denotes Krebes's invariant defined in [Kr] , then Kr(T ) = IF(a 1 , . . . , a n ) = p q with (p, q) = 1 and exactly one of p and q is odd. By the calculus introduced by Krebes, we have
(Admittedly, we did not take care of the signs, but to see that the determinant is p 2 + q 2 rather than p 2 − q 2 it suffices to keep in mind that the diagram (2) is alternating and in calculating the bracket of alternating diagrams no cancellations occur, as explained also in [Kr] .) Thus we have the 'only if' part.
For the 'if' part note that if a and b are coprime, then a b can be expressed by an continued fraction and hence as Kr(T ) for some rational tangle T . Then a 2 + b 2 (with the above remark on signs) is the determinant of the achiral knot on (2).
2
Now we modify the second part of the proof to deduce theorem 3.1.
Proof of theorem 3.1.
is an easy example, so let q = 0. Krebes shows that for any pair (p, q) with at least one of p and q odd there is a(n arborescent) tangle T with Kr(T ) = p q . In fact, T can be chosen to be the sum of a rational and a primitive Conway tangle. Then again consider the knot in (2) (it is a knot because of the parities of p and q), and from the proof of theorem 3.2 you see that it has the desired determinant n. 2
Example 3.1 To demonstrate the elegance of corollary 3.1 as a chirality criterium, we remark that among the prime knots of ≤ 10 crossings (denoted henceforth according to Rolfsen's tables [Ro, appendix] ) there are 6 chiral knots with self-conjugate HOMFLY polynomial -9 42 , 10 48 , 10 71 , 10 91 , 10 104 and 10 125 , and this method shows chirality of four of them -9 42 , 10 71 , 10 104 and 10 125 , including the two examples (9 42 and 10 71 ) where additionally even the Kauffman polynomial is self-conjugate (for 9 42 and 10 125 the congruence modulo 4 is violated, so that, as remarked on several other places, the signature works as well).
Note, that it also follows that if there exists a rational knot S(p, q) which is at the same time achiral and slice, then it will correspond to a Pythagorean triple, that is, be of the Schubert form S (m 2 + n 2 ) 2 , 2mn(m 2 − n 2 ) with m and n coprime.
The number of representations as the sum of squares of coprime numbers
is also known. See [HW, theorem 367, §20 .3] for a partial statement. The formula follows for prime powers by a simple inclusion-exclusion argument from (1), and for arbitrary numbers by multiplicativity (the number theoretic formulation of this argument given below is due to D. Zagier).
Theorem 3.3
For n > 2 we have 
, from which the formula follows by considering the Taylor expansion in p −s of the different factors in the product. 2
As such representations are clearly in one-to-one correspondence with the achiral rational knots, we obtain Corollary 3.3 The number c n of achiral rational knots of given determinant n is either zero or a power of two.
These numbers can be given -to the number theorist's eyes most pleasantly -by the Euler product form of the associated L-series:
Some generalizations and problems
One can see that this series converges for ℜ(s) > 1.
As a practical application of the argument in the previous proof, considering the achiral rational knots C(1, . . . , 1) and C(3, 1, . . . , 1, 3) (with the number list of even length) and the tangles obtained from the halfs of the palindromic sequence, one arrives to a knot theoretical explanation of the identities
where F n is the n-th Fibonacci number (
In particular these representations of odd index Fibonacci and Lucas numbers show Proposition 3.1 Any prime 4x + 3 does not divide F 2n+1 and L 2n+1 + 2L 2n for any n.
For F 2n+1 this is a task I remember from an old issue of the Bulgarian journal "Matematika". Recently I found that it was conjectured in [T] and proved in [Y] .
As a final remark for links, note that by the above description of numbers which are sums of two squares, this set is closed under multiplication, as is the set of determinants of achiral links by virtue of taking connected sums. Thus it would suffice to prove conjecture 3.1 just for prime links.
More number theoretic results on the square representations (which by the said above can also be transcribed knottheoretically) may be found in [K, W] .
A similar enumeration can be done for arbitrary rational knots of given (odd) determinant n, and one obtains Proposition 4.1 The number of rational knots of determinant n (n > 1 odd), counting chiral pairs once, is
with r 0 2 (n) being as in (3), ω(n) denoting the number of different prime divisors of n and φ(n) being Euler's totient function.
Proof. We apply Burnside's lemma on the action of Z 2 × Z 2 on Z * n given by additive inversion in the first component and multiplicative inversion in the second one. In (5), the second and third term in the braced expression come from counting the square roots of ∓1 in Z * n . (The structure of this group is known -see e.g. [Z, exercise 1, §5, p. 41] .) For −1 this number is closely related to the above mentioned quantity r 0 2 (n).
The functions ω(n) and φ(n) are hard to calculate for sufficiently large numbers n by virtue of requiring the prime factorization of n, but the expression in terms of these classical number theoretical functions should be at least of theoretical interest.
Counting chiral pairs twice one has the somewhat simpler expression
In a similar way one could attempt the enumeration by c p of unknotting number one rational knots of determinant p using [KM] , seeking again an expression in terms of classical number theoretical functions. Obviously from the result of Kanenobu-Murakami we have
with the powers of two counting the representations of (p ± 1)/2 as the product of two coprime numbers n ± and m ± up to interchange of factors and the '−1' accounting for the double representation of the twist knot for m + = m − = 1. However, the problem is that beside the twist knot some other knot may arise from different representations (although this does not occur often and the inequality above is very often sharp). For example, for p = 985 the knot S(985, 288) = S(985, 697) occurs for the representations m + = 29 and m − = 12. D. Zagier informed me that he has obtained a complete description of the duplications of the Kanenobu-Murakami forms when considering q in S(p, q) only up to additive inversion in Z * p . According to him, however, considering the (more relevant) multiplicative inversion renders the picture too complicated and number theoretically unilluminating.
We conclude by a related, although somewhat auxiliary, consequence of the unknotting number theorem of Lickorish [Li] . Let u ± denote the signed unknotting number (minimal number of switches of crossings of a given sign to a crossing of the reversed sign needed to unknot a knot, and infinity if such a procedure is not available; this is somewhat different from the definition of [CL] ), and λ be the linking form on H 1 (D K ), the homology group (over Z) of the double branched cover of S 3 over K (whose order, as discussed in the introduction, is given by ∆ K (−1) ).
Proposition 4.2 Let K be a knot with u + = u − = 1. Then det(K) is the sum of two squares of coprime numbers. (K) . But then this group possesses square roots of −1, and the result follows from the relation of the number of such roots to r 0 2 remarked above. 2
The edge coefficients of the Alexander and HOMFLY polynomial
The (chronologically) first question I came across, indicating special properties of these coefficients, was
Question 5.1 Is max cf ∆ K for an achiral knot K always ± a square, and if ∆ is normalized so that ∆(t) = ∆(1/t) and
This question came up when considering the formula
for a rational knot K = C(a 1 , . . . , a 2g ) with all a i = 0 even. If K is achiral, the sequence (a 1 , . . . , a 2g ) is palindromic, and so we have, up to the sign, the requested property for rational knots. Subsequently, I verified all (prime) knots in Thistlethwaite's tables [HT] up to 16 crossings (note, that the property for a composite knot will follow from that of its factors), and found no counterexample.
Although there seems much evidence for this conjecture, its diagrammatic, and not topological, origin (see §6) suggests it to be not true in general, but at least on some (diagrammatically defined) nice knot classes, for example alternating knots.
As for the further-going question on the sign, the answer is 'yes' for alternating knots (provided the squareness property is satisfied), which follows from the alternation of the coefficients of ∆ proved by Crowell in [C] , and the property ∆(−1) > 0 following from Murasugi's trick.
The answer is also 'yes' for ≤ 16 crossing knots (this follows from the experimental results related to question 5.2; see below).
The questions on ∆ can be generalized to P.
Question 5.2
For which large knot classes is it true that achiral knots have max cf m P of the form f (
It is clear that an answer 'yes' to question 5. some k ∈ 2Z, and then achirality shows k = 0. (Fibered homogeneous knots contain the homogeneous braid knots of [S] , but also many more. For example, there are 15 fibered homogeneous prime 10 crossing knots, among them 12 alternating and 2 positive ones, which can be shown by the work of [Cr] Moreover, also for rational knots the answer is again 'yes' (see below).
Some diagrammatic questions
Beside the partial results, it is worth making the above questions/conjectures even more plausible by shading some light on their diagrammatic origin. They emerge from some appealing problems on achiral knot diagrams by the work of [MP] . In order to make the result of [MP] work, we need to consider P-maximal diagrams. In [Cr] it was shown that homogeneous diagrams are P-maximal. Many knots have P-maximal diagrams -beside the homogeneous knots, for example all (other) knots in Rolfsen's tables [Ro, appendix] and also for the 11 crossing knots. However, some knots do not -in [St2, fig. 9 ] we gave four examples of 15 crossings.
In [MP] it was shown that max cf m P is multiplicative under * -product (Murasugi sum) of P-maximal diagrams. This is the link between the above polynomial conjectures and the diagrammatic problems, which we summarize in the question below. After each problem we discuss related partial cases and implications.
Question 6.1 Does any (+/−)achiral knot (or an achiral knot in which large knot class) have a diagram that can be A) transformed into its (possibly reverted) obverse by 1) moves in S 2 (changes of the unbounded region),
• By considering the blocks of such a diagram, we see that it is the * -product of special diagrams D i , such that each D i is transformable by S 2 -moves into the obverse of itself, or of some other D j , j = i.
• If the answer is 'yes' for some homogeneous diagram (which in particular happens by [MT] for alternating diagrams not admitting flypes), no blocks transform onto their own obverses, and [MP] shows a positive answer to question 5.2. The (l−)coefficients of max cf m P of the three knots above do not alternate in sign, and so these knots cannot be homogeneous (beware of the different convention for P in [Cr] !), but still provide some evidence against a general positive answer to this question.
• On the other hand, the answer is 'yes' for rational knots. The (palindromic) expression C(a i ) with all 2g even numbers a i = 0 gives a rational diagram (of the form D * !D, where D is a connected sum of diagrams of reversely oriented (2, a 2i )-torus links), having the desired property.
2) moves in S 2 and flypes, This question is mainly motivated by [MT] , where a positive answer was given for alternating knots. It is interesting whether the arguments after A.1) can be extended to show that a positive answer for homogeneous (or at least alternating, where it was already given) diagrams implies a positive answer to question 5.2 (note, that flypes in general do not preserve homogenuity). As seen, there is strong evidence for question 5.2 to have a positive answer for alternating knots.
B) or represented as the Murasugi sum of (some even number of) P-maximal link diagrams D i with {D i } being mutually obverse (up to orientation and S 2 -moves) in pairs?
• By [MP], a positive answer implies a positive answer also for question 5.2 (thus in particular the answer is negative for the knots on figure 1 ). This was the motivation for proposing question 5.2 after arriving to question 5.1.
• In turn, a positive answer to B) is implied by a positive answer to A.1) for homogeneous diagrams. This was the motivation for proposing B).
• The diagrams answering positively A.1) for rational knots, answer positively B), and hence also question 5.2 in this case.
